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On integer radii coin representations of the wheel graph 

Geir Agnarsson * Jill Bigley Dunham ^ 



Abstract 

A flower is a coin graph representation of the wheel graph. A petal of the wheel graph is an 
edge to the center vertex. In this paper we investigate flowers whose coins have integer radii. 
For an n-petaled flower we show there is a unique irreducible polynomial P„ in n variables over 
the integers Z, the affine variety of which contains the cosines of the internal angles formed by 
the petals of the flower. We also establish a recursion that these irreducible polynomials satisfy. 
Using the polynomials P„ , we develop a parameterization for all the integer radii of the coins of 



2000 MSC: 05C10, 05C25, 05C31, 05C35. 

Keywords: planar graph, coin graph, flower, polynomial ring, Galois theory 

1 Introduction 



By a coin graph we mean a graph whose vertices can be represented as closed, non-overlapping disks 
l/~) in the Euclidean plane such that two vertices are adjacent if and only if their corresponding disks 

C^ intersect at their boundaries, i.e. they touch. For n G N the wheel graph Wn on n + 1 vertices is 

IQ the simple graph obtained by connecting an additional center vertex to all the vertices of the cycle 

Cn on n vertices. These additional edges are called petals. A coin graph representation of a wheel 
graph is called a flower. In Figure [T] we see an example of a flower on the left, and a configuration 
of coins that does not form a flower on the right. 

The study of flowers is central in many discrete geometrical settings, in particular in circle 
packings [TT] and also in the study of planar graphs in general, since every planar graph has a 
C^ coin graph representation. That a coin graph is planar is clear, but that the converse is true is a 

nontrivial topological result, usually credited to Thurston [12j, but is also due to both Koebe [7J and 
Andreev [I]. For a brief history of this result we refer to |13| p. 118]. Numerous simply stated, but 
extremely hard problems involving coin graphs can be found in a recent and excellent collection of 
research problems in discrete geometry [3]. Also, Brightwell and Scheinerman [3] explored integral 
representations of coin graphs, where the radii of the coins can take arbitrary positive integer values. 
In this paper we study algebraic relations the radii of flowers must satisfy. We first show that for 
every n > 3 the cosines of the central angles of an n-petal flower are contained in the affine variety 
of an irreducible polynomial Pn in n variables over the integers. We note that the cosines are more 
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Figure 1: Examples of a flower and a non-flower. 



interesting than the sines in this case, for the mere reason that cosines of the angles of an integer- 
sided triangle are all rational. In particular, for the case n = 3 we then find a parametrization of 
all integer n-tuples in this variety of Pn- Also for the case of n = 3, we obtain all rational, and 
hence integer, radii of four mutually tangent circles, sometimes called Soddy circles as Frederick 
Soddy rediscovered Descartes' Circle Theorem in 1936 [2j. Our parametrization differs from the 
one obtained by Graham et al. in [5j as it is free of any equations relating the parameters. 

The rest of the paper is organized as follows: in Section [2] we state our main terminology and 
definitions. We also present and discuss some basic observations and consequences from the defi- 
nitions. In Section [3] we use Galois theory to formally define the polynomials Pn{xi, . . . , Xn) whose 
affine variety contains (cos^i, . . . ,cos6n) where 9i, . . . ,9n are the internal angles of an n-petaled 
fiower. We then prove our main result of this paper, that each P„ is an irreducible polynomial over 
Q. In Section [4] we consider the special case of a 3-petal fiower. In this case we have four mutually 
tangent Soddy circles, and we derive a free parametrization of all rational radii of the outer circles 
when the inner circle has radius one. This will then yield an equation free parametrization of all 
integer radii of four mutually tangent Soddy circles. 

2 Definitions, setup and basic informal observations 

In what follows N = {1, 2, 3, . . .} is the set of natural numbers. For n G N we let [n] = {1, . . . , n}. 
For each n G N, an n-petal flower imposes a relation on the radii of its coins. For such a flower, 
asssume the radius of the center coin is r and the radii of the n outer coins are ri , . . . , r„ in clockwise 
order. We first note that there is an obvious equation relating the tj: for each pair of radii rj and 
Tj+i of consecutive petals around a center coin of radius r we obtain a triangle with sides of length 
r + ri, r + rj+i, and r^ -|- rj+i and the angle 9i at the center vertex is given by 

e, = arccos f ^^ + "-^^ +/^ + ^:;^)' " ^^ + ^'+^^' 1 . (1) 



2{r + ri){r + ri^i 
The equation that determines a fiower with petals of radii ri, . . . , r„ is 



E' 



2iT. (2) 



For G C Sn, a polynomial / is G-symmetric if f{xi, . . . ,x„) = /(2;o-(i), • • • ,Xo-(n)) for all a £ G. 
We see that Q is a D^-symnietric function in terms of ri/r, . . . , rn/r, where Dn is the dihedral 
group of symmetries on the regular polygon with n sides. In [10] it is shown that for reflection 
groups like the dihedral group D^ there is a basis of polynomials just like the elementary symmetric 
functions for the symmetric group Sn- As we will discuss, if Xi = cos 6i for each i £ [n], then pi) 
will corresponds to a symmetric polynomial / G Q[xi, . . . , Xn]. Also, if the center coin has radius 
r = 1, and so 9i = 9i{l,ri, rj+i) is a function of only the two consequtive radii r^ and rj+i, then pi) 
will corresponds to a D„-symmetric polynomial g G Qlri, . . . ,rk]. In particular, for general radius 
r of the center vertex (replacing rj with ri/r), if d = deg{g), which we define as the sum degree, 
then r'^g (^, . . . , ^) G Q[r, ri, . . . , r„] is a homogeneous element and 
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where each gi G Q[ri,...,r„] is a D„-symmetric polynomial. Although intuitively clear, we will 
in what follows demonstrate this claim informally in an explicit example. To obtain a symmetric 
function / = /(xi, . . . ,x„) we will take the cosine of both sides of ([2|). Using the relation e*^ = 
cos^ + isuiO and then taking the real and imaginary parts of e*'^i+---+^"-' = e*^^ • • • e*^", we obtain 
the following technical lemma. 

Lemma 2.1 For n > 1 we have the following generalized addition formulae for cos and sin; 

cos I y9A= V ±cs(0i)cs(e2)---cs(0„), 




where the sum on the right is taken over the 2''^~^ possible terms where (i) each cs-function represents 
either sin or cos and (ii) each term has an even number 2e of sin-functions and the sign of the term 
is given by ( — 1)*^. 

Similarly for sin we have 

sin|^0ij = Yl ±cs(ei)cs(02)---cs(e„), 

\i=l / 2"-i terms 

where the sum on the right is taken over the 2""-'^ possible terms where (i) each cs-function represents 
either sin or cos and (ii) each term has an odd number 2e + 1 of sin-functions and the sign of the 
term is given by (—1)^. 

If Xi = cos 6i for each i G [n] then yi = sin 9i satisfies the equation xf -\- yf = 1 and hence 



Hi = ±a/1 — xf. The geometric properties of the coin graph determine that for the interior angles 



di we have < ^j < vr and so sin^j > 0. Hence we have yi = \ 1 — xf and so both cos^j and sin^j 
are in terms of Xj. 

Definition 2.2 We define the algebraic expressions EC„ and ES„ by taking the sine or cosine of 
M) and expanding using Lemma 2.1. 



EC„(xi,...,a;„) =cos ^^j , ES„(xi, . . . , x„) = sin y^ i 



Example: For n = 1 we have 



ECi(2;i) = xi, ESi{xi) =yi = yl -xj, 

and for n = 2 we have 

EC2(xi, X2) = X1X2 - a/i - a^iv/l - xl, ES2(xi, X2) = 2:2 v/ 1 - xf + xi y 1 - x|. 

Directly by the addition formulae for cosine and sine we have the following recursive property of 
these expressions. 

Lemma 2.3 For each i G {1, . . . , n} we have 

ECn(xi,...,x„) = XjEC„_i(fi) -yjES„__i(xi), 
ESn(xi,...,x„) = yiEC„_i(xi) + x,;ES„_i(xi). 

where m = w 1 — xf and [xi) = (xi, . . . , Xi_i, Xj+i, . . . , x„). In particular for i = 1 we have 

ECn(xi,. ..,x„) = xiEC„_i(xT) -yiES„_i(xT), 

ESn(xi,...,X„) = 7/iEC„_i(xr) +XiESn_i(xr). 

Note that the expressions EC„ and ESn are symmetric in xi, . . . ,x„. As informally demonstrated 
here below, these will yield symmetric polynomials (see [6, p. 252] for more information and general 
algebraic properties of symmetric polynomials.) 

For a fixed n G N ([2]) yields the algebraic equation EC„ = 1. By repeatedly isolating one 
term that contains a t/j and squaring, then rearranging the terms, we obtain a polynomial equation 
Cn = 0. For example for n = 1, 2, 3, 4 we obtain 

Ci(xi) = xi - 1 

C2(xi,X2) = (Xi-X2)^ 

C3(xi,X2,X3) = (Xi +X2 + x| - 2X1X2X3 - 1)^ 

C4(xi,X2,X3,X4) = (Xi+X2 + x| + x| 

o/'22| 22, 22, 22, 22, 2 2\ 

1/1/ 222, 222, 222, 22 2\ 

I 'I ( nf T* 1^ I m* nf nt* i nf n" ^y i ^y t* fT' \ 

^^yX-tXnXo ^ Jb<2XoJb A n^ X-\JboJbA ^ X-iJUoXaJ 

+4x1X2X3X4(2 — Xi — X2 — x| — x|))^. 

Note that for n > 2 it appears that Cn is always a square polynomial, something we will prove in 
Section [3l 

By (jTl) we have for each i G [n] 

_ (r + rjf + (r + r^+i)^ - (r^ + r^+lf 
2(r + rj)(r + rj+i) 

Substituting these Xj into the polynomial equation C„ = yields a rational equation in ri , . . . , r„ 
and r. This rational equation can then be transformed into a polynomial equation g = where 
g G Q[ri, ■ ■ ■ irf^] as in ([3]). That the polynomial will be D„-symmetric is clear from geometry: it 



does not matter which angle we label 9i (rotation) or whether we do our numbering clockwise or 
counter-clockwise (reflection.) 

Example: For n = 3 we have the equation / = C3 = {xf + x^ + x\ — 2x1x2x3 — 1)^ = and 
by substitution of the radii into the equation obtain 

_ ( f {r + n)"^ + {r + r2f - {n + r2f\^ [ {r + r2)'^ + {r + r^f - {r2+ r^)"^^"^ 



2(r + ri)(r + r2) / y 2(r + r2)(r + rs) 

(r + rs)^ + (r + ri)2 - (r3 + ri)2\ /(r + rif + (r + r2)^ - (n + r2)^ 



2(r + r3)(r + ri) / \ 2(r + ri)(r + r2) 

(r + r2)^ + (r + r3)2 - (r2 + r3)2^ ( {r + r-if + {r + ri)'^ - {n + rif\ _^ 



2(r + r2)(r + r3) J\ 2{r + r-i){r + ri) 



16 



(r + ri)4(r + r2)4(r + r3)4 



2 2i 2i I 2i 2i Z I 2i 2i 2i I 2, 2, 2i o 2, A 

r^r2Tj,r + r^T'^^r + r2T'],r + r]^r2r — 2rir2r3r 



o 2 2 o22 o 22 o2 2,22 2\2 

— 2rir2r3r — lr^J2'<"i'^ ~ 2rir2r^r — 2rir2r^r + rir2r^) 
= 0. 

Hence, our polynomial g is then given by 

'\ r* ( c\ A 2 I 2 2 2 I 2 2 2 I 2 2 2 o 2 2 

g = 10 (— 2r]^r2r3r + rir^r + r2r3r + rir2r — 2rir2r^r 

o 2 2 o22 r, 22 r)2 2,22 2\2 

— 2rir2r3r — 2rir2r3r — 2rir2r^r — 2rir2r^r + rir2r^) . 



We now write 



where 



/ T*! T'o fo \ 

r^'^9 (—>—> — ) = r^9s + r^9(i + r^94 - r^g2 +90^ Q[ri,r2,r3][r], 
\ r r r / 



f A. A A A A A '\ "^ A "X '^'-i'-i A '\ '\ A 

gs = 16(r2r3 + r;^r2 + Vir^ + 4rir2r^ — 4rir2r^ + 4r;^r2r3 — 4rir2rs — 4:rir2r^ 

+6r]^r2r3 — 4r^r2r3 — 4rir2r^ — 4:rir2r^ + 6r;^r2r3 + 6rir2r^ + 4r^r2r3), 

(76 = 64(r^r2r3 — r'^r2r^ + Qr'lr'j^r'^ + rir2r^ + ?'i?^2''3 + ''i^2''3 + ^i'^2''3 + r^r2r 



3 



4 4 4 4 \ 

-rir2r3 — r^r2r3) 



<74 = 32(3rtr2r^ + 2r^3^i + 2r?rir| + 3rM^i + 3rM^^ + 2rMri), 

^i/344 434 44 3\ 

52 = 64(rir2r3 - r^r2r3 - r^r2r2), 

-I „ 4 4 4 

go = IGrirsrg, 
and each of these gi G Q[ri,r2,r3] is a Ds-symmetric polynomial. 

In general, for the terms with degree of 5 G {0, . . . , d}, then r^ will cancel out all the denomi- 
nators and we will be left with a term r'^~ g^s where 9d-5 is an element of Q[ri, ..., r„]. That gds 
will be D^-symmetric follows from the D„-symmetry of g and hence, viewing 51 as a polynomial in 
r alone, each coefficient for each power of r is also D„-symmetric. 



3 The polynomial of the n-petal flower and its irreducibility 

This section forms the main contribution and resuhs of the paper. We will show that for each 
n > 2 we have Cn = -P^, where Pn is an irreducible polynomial for n > 2, and P„ is symmetric for 
n > 3. To proceed we need some preliminary definitions and results. 

Definition 3.1 Forn G N let G* he the Galois group of automorphisms on Q(xi, . . . , x„, yi, . . . , y„) 
that fixes the fieldQ{xi, . . . ,x„). Also, letGn he the Galois group of automorphisms onQ{xi, . . . ,Xn,yiyj 
i < j) that fixes the field Q(xi, . . . , a;„). That is, 

Gl = Gal(Q(xi,X2,...,x„,yi,...,y„)/Q(xi,...,a;„)), 
Gn = Gal(Q{xi,X2,...,Xn,yiyj -.i < j)/Q{xi,...,Xn)), 

where xi, . . . ,x„ are algehraically independent indeterminates and yi = \ 1 — x? for each i, that is 
yi is one root o/ X^ + x^ — 1 = G Q(xi , . . . , x„) [X] . 

Lemma 3.2 Forn > I we have G*, ^ Z^ and G„ ^ Z^~^ 

Proof. For G* , each yi is the root of an irreducible quadratic polynomial X"^ — (1 — x?) from the 
ring Q(xi, . . . ,x„,yi, . . . ,yj_i)[X], which is the minimum polynomial of yi for each i. Hence we 
have G* ^ Z^. 

For Gn, each yiyj with i < j \s also the root of an irreducible quadratic polynomial X"^ — (1 — 
xf)(l — x^) G Q(xi, . . . , x„)[X]. However, every element of Q(xi, X2, • • . , x„, yiyj : i < j) can be 
written as a rational function in terms of only elements of the form ytyi+i as follows: 

_ (.yiyi+i){yi+iyi+2) ■ ■ ■ jyj-iyj) _ {yiyi+i){yi+iyi+2) ■ ■ ■ {yj-Wj) 
'''' yU---yU {i-xl,)...ii-xl,) • 

So we have that 

Q(xi, X2, . . . , x„, yiyj : i < j) = Q(xi, X2, • • • , x„, yiyi+i : 1 < i < n). 

Each term y-iyi+i is a root of an irreducible quadratic polynomial X"^ — (1 — x?)(l — xf_^]) from 
the ring Q(xi, . . . , x^, 2/12/2, • • • , yi-iyi)[X], which is the minimal polynomial of yiyt+i for each i G 
{1, . . . , n - 1}. Therefore we have that G„ = Z^^'^. D 

Lemma 3.3 For n G N, the group Gn — 'Z^T '-^'^ ^^ presented as 

Gn = (cTi, . . . , cj„_i : CTj = e, aiaj = (JjOi) , 

where each Oi is an automorphism fixing Q(xi, . . . x„) and 

-yjyj+i ifi = j 



^iivjyj+i) - 1 -f ■ -L ■ 

I VjVi+i «/^/j- 

Proof. Since (j/ji/i+i)^ = (1 — x^)(l — x'jj^i) and the Galois group G„ is fixing the Xj, the only 
possible automorphisms are a{yiyi+i) = —yiyi+i and cj(2/i2/j+i) = yiyi+i- We can then generate the 
group as in the statement of the theorem with n — 1 generators (Tj. D 



Corollary 3.4 For every a G G„, let Sa-j G { — 1, 1} be such that a{yjyj+i) = Sa-jyjyj+i- Then for 
every i < j we have a{yiyj) = Sa-iS^-iJ^i ■ ■ ■ s^-jyiyj. In particular, if i < n then an-i{yiyn) = -yiVn 
and if i> I then ai{yiyi) = -yiyi. 

We are now able to give a precise definition of C„ from Section [2] for each n G N. 
Definition 3.5 For n G N, define the polynomial Cn G Q[xi, . . . , Xn] by 

Cn{xi,...,Xn)= n (fT(EC„)-l). 



From Definition 3.5 we see that C„ is indeed symmetric in xi, . . . , x„. 

Example: For n = 2 we have G2 = (o") = Z2 where cr(yiy2) = —2/12/2 and o"^ = e, and hence 

JJ (<t(EC2) - 1) = (2:1x2 - 2/12/2 - l)(a;iX2 - cr{yiy2) - 1) = {xi - X2f = C2(xi, X2). 

For n = 3, we have G3 = (cri, 0-2) where a"i(yiy2) = —2/12/2 and (72(2/22/3) = —2/22/3 and hence 

1) = (xiX22;3 - xiy22/3 - 2/1^:^22/3 - 2/12/22:3 - 1) 



n (^(ECs 



•(X1X2X3 - 2:12/22/3 - 0-1(2/12:22/3) - 0-1(2/12/22:3) - 1) 

•(X1X2X3 - o-2(xiy22/3) - 0-2(2/12:22/3) - 2/12/22:3 - 1) 

•(X1X2X3 - o-io-2(xiy22/3) - 0-10-2(2/1X22/3) - 0-10-2(2/12/22:3) - 1) 

(2:1x2x3 - xiy22/3 - 2/1X22/3 - 2/12/2X3 - 1) 

•(X1X2X3 - xiy22/3 + 2/1X22/3 + 2/12/2X3 - 1) 

•(X1X2X3 + xiy22/3 + 2/1X22/3 - 2/12/2X3 - 1) 

•(X1X2X3 - xiy22/3 + 2/1X22/3 - 2/12/2X3 - 1) 

(xi + X2 + x| - 2x1X2X3 - 1)^. 



By Lemma 2.1 each of the 2" terms of ESn_i in terms of xi, 



5 Xj^_i, yi, 



,2/„-_i contains 



positive odd factors of yi for i < n — 1. Hence o-n-i G Gn fixes Q(xi, . . . , x™, 2/12/2, • • • , 2/n-22/ra-i) 



and an-iiyn-iUn) = —yn-iUn- Noting this we then have by Corollary 3.4 the following: 



Claim 3.6 Forn > 2 we have Gn = G„_iUG,„_io-„_i = G„_iUo-„_iGn-i where o-n-i(2/nES„_i) 
-2/nES,„_i. 



If Gn is presented as in Lemma 3.3 then o-„_i G G„ fixes Q{xi, . . . ,Xn,yiy2, ' 

0-n-l(2/n-l2/n) = -2/n-l2/n- 

Lemma 3.7 For n G N /et Gn be presented as in Lemma\3.3[ Then 



,2/n-22/n-l, 



and 



(EC, - 1) (^n-i (EC,) - 1) 
In particular, ECn = 1 implies Xn = ECn-i- 



EC 



n—lj 



Proof. By Claim 3.6 we have (Tn-i(ynESn 



-ynESn-i and hence 



(EC„-l)K_i(EC„)-l) 



(xnECn-i - y„ES„_i - l)((T„_i(x„EC„_i - y„ES„_i) - 1) 
(xnEC„_i - ynES„_i - l)(x„EC„_i + y„ES„_i - 1) 
(xnEC„_i - 1)2 - y^ES^ 



n-l 



(x„EC 

[Xn — -hjCn-l 



n-'-"-'n— 1 
2 n „2 



l-<)(l-EC^_i 



D 



Remark: Note that ^ imphes directly that cos(6'i + • • • + 9h) = cos{9h+i + • • • + On) whenever 
h + k = n, and hence the equation ECh{xi, . . . ,Xh) = ECk{xh+i, ■ ■ ■ ,Xn) which itself implies 
Xn = EC„_i by letting h = n — 1 and k = 1. 



Corollary 3.8 For n> 2 we have Cn = Pn where 



<j(EC„_i)). 



Proof. By Lemma 3.7 we obtain: 



n (^(Ec„) - 1) 

o-GG„ 

n (^(Ec„) - 1) 

0-£o-,iGn-lUG„-l 

[] (a(EC„)-l)(a„,a(EC„)-l) 
o-eG„_i 

W a((ECn-l)K(EC„)-l)) 
o-eG„_i 

v2n 



n ^((^ 
n (^'^^ 

O-eGn-l 



I — EC„_i^ 
ct(EC„_i))2 



p^ 



where Pn 



n 



o-eG,, 



ct(EC„_i)). 



D 



By exactly the same token as Claim 3.6, Lemma 3.7, and Corollary 3.8, we obtain analogous results 
by reordering the variables yi, . . . , y„, in the reverse order: y„, yn-i, ■ ■ ■ ,yi- Namely, if ai G G„ is 
the field automorphism of Q{xi, ... ,Xn,yiy2,y2y3, ■■■ ,yn^iyn) with ai{yiyi+i) = -yiyi+i fixing 
Q(xi, . . . , Xn) and each yjyj^i for j ^ i (as in Lemma 3.3) then we have the following: 



Claim 3.9 If n > 2 then Gn = G'„„i U cjiG;_i = G;_i U G'„_iCJi where G'„^^ = (cj2, . . . , cj„_i), a 
subgroup of Gn = (cri, . . . , (T„_i) and (Ti(yiES„_i(x2, ..., x„)) = -yiES„_i(x2, . . . , x„). 



Proof. By Lemma 2.1, each of the 2" ^ terms of ES„_i(x2, • • • , x„) = ESn-i(x2, . . . ,Xn, 2/2, • • • ,yn) 
(by substituting t/j = -i /l — x? for each i = 2, . . . ,n) has positive odd factors of yi for i > 2. Hence 
the claim fohows by Corollary 3.4 D 



Similarly to Lemma 3.7 we now have the following. 
Lemma 3.10 If ai & Gn is as above then 

(EC„ - l)(ai(EC„ - 1)) = (xi - ECn-i{x2, • • . , x„))l 
Proof. By Claim [3^ we obtain 



(EC„ - l)(cri(EC„ - 1)) = (xiEC„_i(x2,...,3;„) -yiES„_i(x2,...,a;„) - 1) 

•(cri(xiEC„_i(x2,...,x„) -yiES„_i(x2,...,x„)) - 1) 

= (xiEC„_i(xi) - yiES„_i(xi) - 1) 
•(xiEC„_i(£i) + yiES„_i(xi) - 1) 

= (xiEC„_i(xi) - if - y?ES„_i(xi)2 

= (xiEC„_i(xi) - if - (1 - xj){l - EC„_i(xi)2 

= (xi-EC„_i(xi))2, 

where (3^) = (x2, . . . , x„) as above. 
Corollary 3.11 For n > 3 we have 

Cn= H (xi-a(EC„_i(xi)))2. 



Proof By Lemma 3.10 we obtain as in the proof of Corollary 3 

Cn = II (^(EC„) - 1) 

n (^(Ec„) - 1) 

= H {a{ECn) - l){aai{ECn) - 1) 

aeGn-i 

= H a(((EC„)-l)(ai(EC„)-l)) 

aeGn-i 

= n ^((^i-Ec„_i(xi))2) 

creG,i_i 

= n ixi-a{ECn-i{xi))f. 



D 



D 



Remark: For n = 1 we have Pi = Ci = xi — 1. For n = 2 we have (as defined in Corohary 3.8) 
P2 = X2 — xi. However, this is a matter of taste, since we could have set P2 = xi — X2- The case 
71 = 2 is the only one where C2{xi, X2) is symmetric while P2 is not. 



By Corollary 3.11 we obtain C„ = Q^ where 



Qn= n (2;1-Ct(EC„-i(xi))). 

Since P^ = Cn = Q^, then as elements in a polynomial ring over a field, an integral domain, we 
get = -P^ — Q^ = {Pn — Qn){Pn + Qn) and hence for each n > 2 we have Qn = Pn or Qn = —Pn- 

For n = 2 we obtain P2 = X2 — xi and Q2 = xi — X2 so Q2 = —P2- 

For n > 3 we first note that by evaluating EC„_i(a;„) and EC„_i(xi) at X2 = • • • = x„_i = 1 
yields '^Cn-i{xn)\x2=-=xr,-i=i = xi and EC„_i(xi)|a;2=...=x„_i=i = Xn and hence we obtain 

P„(X1,1,... ,1,X„) = JJ {Xn - Xl) = {Xn - Xlf" 

O-eGn-l 

Qn{xi,l,...,l,Xn) = fj {Xi - Xn) = {Xl - Xnf" ■ 

O-eGn-l 

As n > 3, we have 2""^ is even and so (xn — xi)'^" = (xi— a;„)^" and hence Pn{xi, 1, • • • , l,x„) = 
Qnixi, 1, . . . , 1, Xn)- Therefore we obtain the following: 

Corollary 3.12 For n > 3 we have Qn = Pn oind hence 

Pn= W (xi-a(EC„_i(xi))). 

(TgGn-l 

We now want to show that for n > 3 the polynomial P„ is symmetric. Let n > 3. If vr G 5"^ is a per- 
mutation on {1, . . . ,n} then vr acts naturally on (xi, . . . , x„) by 7r(xi, . . . ,x„) = (x7r(i), • • . , X7r(„)). 



By definition of Pn in Corollary 3.8 we have 



(P„o7r)(xi,...,x„) = P„(x^(i),...,x^(„)) = P„(xi,...,x„) 



or P„ o vr = PnT^ = Pn for all -k ^ Sn with 7r(n) = n. Likewise by Corollary 3.12 we have P„7r = Pn 
for all vr G Sn with '7r(l) = 1. 

Let r G 5n be an arbitrary transposition r = (i,i). If {i, j} C {1, . . . , n— 1} or {i, j} C {2, . . . ,n} 
then by the above, P„r = P„. Otherwise if r = (1, n) then since n > 3 there is an ^ G {2, . . . , n — 1} 
such that we can write r = (1, ra) = (1, l){l, ri)(l, Z) where {1, Z} C {2, . . . , n}. From the above, we 
therefore have 

PnT = P„(l,n) = P„(l,/)(/,n)(l,/) = P„(/,n)(l,/) = Pn{l,l) = Pn- 

Since each permutation vr G S'„ is a composition of transpositions then we have Pnvr = Pn for each 

TT G Sn- 

Theorem 3.13 For n > 3 the polynomial Pn = Pnixi, . . . , x„) is symmetric- 
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Corollary 3.14 For n > 3 and any i € {1, . . . , n} we have 

crSGn-i 

In particular, as a polynomial in Xi, then Pn is nionic of degree 2"'"^ in each Xj. 



By Corollary 3.14 and definition of C„_i we obtain by letting Xi = 1 the following: 



Observation 3.15 For n > 3 then 

Pn{xi,...,Xi_i,l,Xi+i,...,Xn) = JJ (1 - 0"(EC„_i(£j))) = C„_i(£i) = P„_i(£i)^. 

Other more general equations and formulae hold as well. Let n S N and ni + • • • + n^ = n. 
If ^"=x ^* ~ '^'^ ^^^ ^i ~ cos^i for each i S {l,...,n}, then for each / G {1,...,A;} let (pi = 

9ni-\ hraj-i+i + ■ ■ ■ + ^niH \-nr Then J2i=i 't'l = 2vr and hence if ti = cos((/);) then by Corollary 3.14 

we get 

= Pk{tl, ■ ■ ■ ,ti) = Pk{ECni, ■ ■ ■ ,ECnfc), 

where for each I £ {1, ... ,k} we have EC„j = EC„j(x„^-| |_„;_-^+i, . . . , x^h hnj- In particular for 

k = n — 1 and ni = ■ ■ ■ = n„_2 = 1 and n„_i = 2, we have Pn^i{xi, . . . , Xn~2,EC2{xn-i, Xn)) = 0, 
something we can use to compute Pn recursively. Let 'EC2{xj,Xj^i) = XjXj^i + yjyj^i be the 



conjugate of EC2(xj,Xj-|_i). Recall that by Claim 3.6 we have for n — 1 that 

Gn-l = Gn-2 U an~lGn~2 = Gn-2 U Gn-20"n-l 
and 0-n-2(yn-lES„-2) = -y„_lESn-2- 

Lemma 3.16 For n > 3 we have 

{Xn - EC„_l)(x„ - CT„_2(EC„_l)) = xl_^ + x^ - 1 - 2x„_ix„EC^_2 + EC^_2. 

Proof. Since EC„_i = x„_iEC„_2 — y„_iES„_2, we obtain by above 

(x„ -EC„_i)(x„ -C7„_2(EC„_i)) = (x„ - X„_iEC„_2 + yn-iES„_2) 

■{Xn - Xn_iEC„_2 " yn-lESn„2) 

= (x„ - x„_iEC„_2)^ - y^_iES^_2 

= (x„ - x„_iEC„_2)^ - (1 - 4-i)(l - EC2_2 

= Xn-i -\~ x^ — i- — 2x„_ix„EC„_2 + EC„_2. 



D 
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By direct computation and the definition of Pn-i, since EC2(xi, j;i+i) = XjXi+i — ynn^i, we get 

P„_i(2;i, ..., x„_2,EC2(x„_ix„))P„__i(xi,...,3;„_2,EC2(2;„_ix„)) 

H (EC2(x„_i,x„)-c7(EC„_2)) n (EC2(x„„i,x„)-a(EC„_2)) 

CTSG„-2 CTgG'n-2 

= Y\_ {Xn-lXn-yn-lVn- Cr(ECn-2)) JJ (x^^iX^ + yn-l^n " 0"(EC„_2)) 

0'6Gn_2 0'GG„_2 

= n ((^«-l^" ~ cr(EC„_2))^ - Vn-lVn) 

aGGn-2 

J] {{Xn-lXn - a{ECn-2)? - (1 - xl_^)il - xD) 

crGGn-2 

n (4-1 + 4 - 1 - 2Xn-lX„CT(EC2_2) + a(EC2_2)) 

cTeG„-2 

n ^ (4-1 + 4 - 1 - 2x„_ia;„EC2_2 + EC^ 
o-eG„-2 



^n-2) 



From tliis we can prove the following: 

Theorem 3.17 The polynomials Pn are completely determ,ined by the following recursion: Pi 
xi — 1, P2 = X2 — xi and for n > 3 



Pn = Pn-l{xi, ..., Xn-2, EC2(Xn_i, X„))P„_i(xi, . . . , X„_2, EC2(x„_i, J;„)). 

Proof. By Lemma |3.16| and the preceding paragraph we get 

Pn = H {Xn - a{ECn-l)) 

n (x„-a(EC„-i)) 

o-eG„_2UCT„_iG„_2 



a£G. 



Y[ {Xn-Cr{ECn-l))iXn- Cran-liECn-l)) 

:Gn-2 

H a {{xn - (EC„_i))(x„ - an-i(EC„_i))) 



O-eGn-2 

H a {xl_^ +xl-l- 2Xn-lXnECl_2 + EC2_2) 

o-eG„_2 

Pn-l{xi, . . . , Xn-2,EC2{Xn~l, Xn)) • P„_l (xi, . . . , X„_2, EC2(x„_i, X„)). 



D 
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Example: With the help of MAPLE [8j the first 5 polynomials P„ can now be computed quickly 



and efficiently by the recursion in Theorem 3.17 



Pi 
P2 
P3 



Pa 



Xi 
X2 



1. 

Xl. 



^2(3^1, EC2(x2, X3))P2(a:i, EC2(2;2, a^s)) 
(X2X3 - ^2^3 - a;i)(2;2a;3 + 2/22/3 - xi) 
Xl + X2 + x^ — 2xij;22;3 — 1- 



P3(xi, X2, EC2(X3, X4))P3(xi, X2, EC2(3;3, X4)) 

{xl +xl + (X3X4 - ^3^4)^ - 2XIX2{X3X4, - ysVi) - 1) 

■{xj + xl + {x3Xi + yzVi)"^ - 2x1x2(3:3x4 + 2/32/4) - 1) 

4, 4, 4, 4 Q/22, 22_L 22, 22, 22, 2 2\ 
Xl -\- Xn \ Xo ~r X4 Z( X1X2 I XoXo -p X3X4 ~r X-1X4 ~r Xi Xq ~r XoXa) 

,A( 222, 222, 222, 22 2\ 
~rT:( Xl XoXo ~r XoX oX A ~p Xi XoX^ ~t~ Xi XoX^ I 

+4X1X2X3X4(2 



X? 



^-4^ 



ft 



a display of terms on two letter size pages, see Appendix [Bj 



The recursion given in Theorem 3.17, although fundamental for computation, is a special case 



of a more general recursion that Pn satisfies: 

Claim 3.18 Let n,k > 2 and ni + • • • + n^ = n. By the right interpretation of ai for each i £ [k] 
(and with some abuse of notation) then Pn = Pn(xi, . . . ,Xn) satisfies the following general recursion 



-^ n(,Xl, . . . , Xj2J 



n 



Pk (o-i(EC„i(xi,. . .,x„J),o-2(EC„2(x„i+i,. . . ,x„i+„2)), 



ie[k] 



..,akiECn^{Xn- 



"fc+l' ' 



,x„))) 



As this more general recursion of Claim 3.18 will not be used to obtain our main result Theorem 3.20 
here below, its proof in detail will be omitted. However, this can be proved using induction in stages 



using Theorem 3.17 as a stepping stone. 



Example: We demonstrate how Claim 3.18 works by using it to compute P5, since n = 5 is the 



smallest nontrivial example (with A; > 3) that can be generated using a recurrence from Claim 3.18 
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that is not an example of the special recurrence from Theorem 3.17 



P5(X1,...,X5) = n ^3(^'l(EC2(xi,X2)),a^(ECi(x3)),a^(EC2(x4,X5))) 



4eG2={e} 

<t!jSG3 = (<t3) 

= n P3Wi{xiX2-yiy2),(T2{x3),a'^{xiX5-y4y5)) 

4eG2={e} 

<T!jeG3 = (<T3) 

= P3{xiX2 - yiy2, xs,X4X5 - y^yr,) ■ Pz{xiX2 + yiy2,X3,X4X5 - 2/42/5) 

■P3{xiX2 - yiy2, X3, XiX5 + ^4^5) • P3{xiX2 + ^1^2, a^S, X4X5 + y4y5) 

= ((a;iX2 - yiy2)^ + 3^1 + (2^4x5 - yiVbf - 2(xiX2 - yiy2)2;3(a;4X5 - 2/42/5) - 1) 

•((3;iX2 + 2/12/2)^ + 2:3 + (X4X5 - 2/42/5)^ - 2(xiX2 + 2/l2/2)x3(x4X5 - ^47/5) - 1) 
•((X1X2 - 2/12/2)^ + 3^3 + (^4X5 + 2/42/5)^ - 2(xiX2 - 2/l2/2)x3(x4X5 + ^42/5) " 1) 
•((xiX2 + 2/12/2)^ + 2:3 + (X4X5 + 2/42/5)^ - 2(xiX2 + 2/l2/2)x3(x4X5 + 7/42/5) " !)• 

Expanded, this last product yields the same expression for P5 as given in Appendix [B| 

Our final goal in this section, and our main result of the paper, is to prove the irreducibility of Pn- 
To illuminate our approach we state and prove the following simplest case, that P3 = P3(xi, X2, X3) 
is irreducible. 

Suppose P3 = fg with f,g £ Q[xi,X2,X3]. Since P3 is monic in X3, both / and g contain the 
variable X3, and hence both / and g are of degree 1 in X3 (unless f or g = P3.) Since P3 factors 
in Q(xi,X2, 2/12/2) [X3] as P3 = (X3 - X1X2 - yi2/2)(x3 - X1X2 + 2/12/2) by definition of P3, then since 
Q(xi,X2, 2/12/2) [X3] is a UFD we must have 

{/, 9} = {x3 - X1X2 - 2/12/2, X3 - X1X2 + 2/12/2} 
which contradicts the assumption that f,g£ Q[xi, X2, X3]. Hence we have the following observation: 

Observation 3.19 The polynomial P3{xi,X2,X3) is irreducible over <Q. 

Note that the same argument holds if Q is replaced with the complex field C in the above. 
We now use this same approach to prove the following: 

Theorem 3.20 For each n > 3 the polynomial P„(xi, . . . ,Xn) is irreducible over Q. 



We will prove Theorem 3.20 by induction on n, assuming that Pn-i is irreducible over Q. But 



before we can delve into that, we need to prove the following: 

Lemma 3.21 Let n > 3. If Pn-i is irreducible over <Q then P„_i(EC2(xi, X2),X3, . . . ,x„) = 
P„_i(xiX2 - 2/12/2, X3,...,x„) and P„_i(EC2(xi,X2),X3,...,x„) = P„_i(xiX2 + 2/12/2, X3, ... ,Xn) 
are irreducible in Q(xi,X2, 2/1 2/2) [xs, .. . ,Xn]- 
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Proof. Let -P^_i := Pn-i{xiX2 — yiy2,X3, . . . ,Xn) and assume it factors as Pn-i = h*k* in the 
ring Q{xi,X2,yiy2)[x3, ■ . . ,Xn], where both h* and k* involve Xn- Since P„_i = naGG„_2(^" ~ 
a(ECn-2)), we see that 

-Pn-l = n {Xn-Cr{ECn-2ixiX2-yiy2,X3,...,Xn))), 

and hence both h* and /c* must be products of these Hnear factors. In particular, we can evaluate 
-fn-i = ^*^* at xi = 1 and obtain 

Pn-l{x2,...,Xn) = {Pn-l) Ui=l = (^*Ui-l) (A:*Ui-l) = hk 

in Q(a:;2)[a:;3, . . . ,x„], which is a UFD. By assumption P„_i(x2, • • • ,x„) is irreducible in the ring 
Q[x2, . . . ,Xn] = Q[2;2][x3, . . . ,Xn] and hence also in 0(2:2) [2:3, . . . ,Xn] (as a monic polynomial in Xn)- 
Therefore either h or k equals Pn-i{x2, ■ ■ ■ ,Xn), which contradicts the fact that both h* and k* 
involve Xn- Hence -P^_i is irreducible. In the same way we obtain that Pn-i{xiX2+yiy2, X3, . . . ,Xn) 
is irreducible. D 



Proof. [Theorem 3.20| Let n > 3 and assume that Pn-i is irreducible over Q. Assume Pn = fg 



with f,g£ Q[xi, . . . ,Xn]. We may assume / is irreducible. Let (j)i : Q[xi, . . . ,x„] — > Q[£i] be 
the evaluation at Xi = 1, that is (j)i{F) = F{xi, . . . ,Xi-i, l,Xi+i, . . . ,Xn). Since (pi is a Q-algebra 
homomorphism for each i G [n] we have for i = 1 that 

MPn) = Mf9) = Mf)M9)^ 



, . . . , j^^j 



But (/)i(P„) = Pn-i{x2, ■ ■ ■ jXn)"^ G Q[x2, ■ ■ ■ , Xn], which is a UFD. By the inductive hypothesis, 
Pn-l is irreducible in Q[x2, ■ ■ ■ ,Xn]- Therefore, (pi{f) = Pn-i = </'i(fi') (unless / = P„, in which 
case we are done since / is irreducible). 

Viewing f,g£ Q[xi, . . . , x„_i][x„,], then since P„ and Pn-i are monic in every variable Xj (and 
hence also in Xn,) we have 

deg.„(/) = deg,.„(,) = ^^^^ = 2-3. 

By symmetry of P„ for n > 3, from Theorem |3 . 1 3| and Theorem |3.17| we have 

Pn = Pn-i(EC2(a;i, 2:2), X3, . . . , 2;„)P„_i(EC2(2;i, 2:2), X3, ...,Xn) 

in Q(xi, X2, yiy2)[x3, . . . , x„], which is a UFD. Since by assumption P„ = fg where / G Q[xi, . . . , x„] 
is irreducible and f\xi=i = 4>i[f) = Pn-i{x2, ■ ■ ■ , x„), which by assumption is irreducible. That / 
is also irreducible in Q(xi, X2, yiy2)[2;3, . • . , x„] can now be seen in the same way as in the proof of 



Lemma 3.21: namely, by evaluating at xi = 1 and obtain a factorization of P„_i(x2, . . . ,x„). 



So we have 



Pn = fg = Pn-l(EC2,X3,...,X„)P„_i(EC2,X3,...,X^ 

in Q(xi, X2, yiy2)[x3, . . . , x„], which is a UFD. Therefore we have 



/ G {P„_i(EC2,X3,...,X„),P„__i(EC2,X3,...,Xn)}, 

By repeated application of Observation |3.15| we obtain 

p„_i(EC2, 1, . . . , 1) = Pi(EC2)2""' = (EC2 - ir~" 



which is not contained in Q[xi, . . . , Xn]. Similarly P„_i(EC2, X3, . . . , Xn) Q[xi, . . . , x„] and hence 
we have a contradiction, since / G Q[xi, . . . , x^]. □ 
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Remark: Replacing Q with C in the previous proofs wih yield the same result. 



As a corollary we obtain the following, which in fact equivalent to Theorem 3.20 



Corollary 3.22 For n G N we have [Q(xi, . . . ,a;„,EC„) : Q(xi, . . . ,x„)] = 2""^ 
In fact, for any m < n we have [Q(xi, . . . , x„, ECm) : Q(a^i, • • • , Xn)] = 2^~^ . 

we conclude this section with a summarizing result: 

Corollary 3.23 For 1 < m < n we have 

• Q(xi,...,Xn,ECm,) = Q{xi, . . . ,Xn,yiy2, ■ ■ ■ ,ym-iym) 

• Gal(Q(xi, . . . , x„, EC„)/Q(xi, . . . , x„)) 

= Gal(Q(xi, ...,Xn, 2/12/2, • • • , ym^iym) /Q{xi, ■■■, X„)) 

• Pm+i{xi, . . . ,Xm,X) G Q(xi, . . . ,Xm)[-'^] is the minimal polynomial of 
ECm = ECmixi,...,Xm) over Q{xi, . . . , x^,) ■ 

4 Rational solutions for n = 3 and Descartes' circle theorem 

Here we deal with the special case of n = 3, and we characterize all rational solutions for flowers 
with three petals, thereby obtaining all rational radii of four mutually tangent Soddy circles. We 
then compare our parametrization to an existing parametrization of the curvatures of four mutually 
tangent circles and show how our equation-free parameterization is an improvement on the existing 
one. 

In general, to find all integer-radii coins forming an n-petal flower in the Euclidean plane, it 
is equivalent by scaling, to find all rational radii coins where the center coin is assumed to have 
radius one. Note that if the lengths of the sides of a triangle are rational, then the cosines of all its 
angles will be rational. The converse is not necessarily true, however. We will solve -P3 = over 
the rationals and use that to find rational radii that create a 3-petal flower, that is, rational Soddy 
circles. For a necessary first step, we will determine what the cosines must be. 

4.1 Rational solutions of P3 = and rational Soddy circles 

First, we have the irreducible polynomial P3 = xf + x^ + x| — 2x1x2x3 — 1. We can solve for any 



one of the variables, say X3, by definition of P3 and Lemma 3.7 



X3 = EC2(xi, X2) = X1X2 - ^J{l-xl){l-xl). (4) 

For rational xi and X2 it is clear that X3 will be rational if and only if the term under the radical is 
the square of a rational number. For i = 1, 2 let Xj = — for with pi, qi € Z. By d4J) we then obtain 

X3 = xiX2 Jiql-Pijiql-pf)- 

(ll(l2 ^ 

Here (gf — Pi){q2 — P2) is a square if and only if qf — pf = s?/3 for i = 1,2 where /? is square-free 
integer. Here we need the following result in elementary number theory: 
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Theorem 4.1 Let (3 he a square-free integer. The integers x,y,z form a primitive solution to 
the Diophantine equation x^ + /3y^ = z^ if and only if there are positive integers m and n and a 
factorization 13 = be where bvn? and cn^ are relatively prime such that x = "^ ^^" , y = mn, z = 
™ ^^" , where both m and n are odd or both are even, or x = bvi? — cn^ , y = 2mn, z = hrn^ + cn^ 
otherwise. 



For a proof of Theorem 4.1 , see Appendix \K\ 



Since Xi = ^ for i = 1, 2 we have by Theorem 

Hi 



4.1 



that 



'iim\ — ciuf b2m2 — C2n| 

bimf + cinf^ 62"T'2 + ^2^2 



■^1 ~ I, _2 , „ ,-,2 ' ■^^ ~ I. „„2 , 2' V"-"^ 



where /3 = bici = 62C2 are two (not necessarily distinct) factorizations of the square-free integer /3, 
and where mi,ni can be chosen from the nonnegative integers. 

Suppose we have a 3-petal flower whose internal angles are 61,62, 63 and their cosines are 
xi, X2, X3 respectively. By scaling, we assume the radius of the center coin to be one and the other 
three outer radii ri,r2 and r^. By the law of cosines, we obtain 

ri + r2- rir2 + 1 r2 + r^ - r2r-i + 1 ^'s + ^^i - ^3^1 + 1 

Xl = , X2 = , 2:3 = . 

ri + r2 + rir2 + 1 r2 + rs + r2r3 + 1 rs + ri + r^ri + 1 

Rewriting each equation for Xi as a polynomial equation in terms of rj and rj+i ( where 4=1 
modulo 3) and then factoring in terms of rj and rj+i we obtain 

2(1-2:1) 



ri + 


Xl 


-1 


Xl 


+ 1 


r2 + 


X2 


-1 


X2 


+ 1 


rr- L 


X3 


-1 



r2 + 


Xl 


- 1 


Xl 


+ 1 


^3 + 


X2 


- 1 


X2 


+ 1 


^-. _L 


2:3 


- 1 



X3 + ly V X3 + IJ (x3 + 1 



(xi 


+ 1)2 


2(1 


- X2) 


{X2 + 1)2 


2(1 


-x-i) 



\2- 



Now we can solve the first and third equations for r2 and r^ respectively in terms of ri,xi,X3. 
Substituting these into the second equation, we can then solve that for ri in terms of xi,X2,2;3 
obtaining 

-1 - X1X3 + X3 + Xl ± J2{1 - Xl)(l - X2)(l - X3) 

ri = . (6) 

2X2 - Xi+ X1X3 - 1 - X3 
Putting Xl and X2 from ([s]) into ^ we obtain 

~ {pirnl — cinf ) (62"^2 — £2^2) — 4mim2?T'in2/3 



X3 = xiX2 - a/(1 - x\){l 



'iim\ + cinj){b2ml + C2 



ns 



Substituting this expressions for X3 and those of xi and X2 from ([s]) into ([6|, we get an expression 
for ri in terms of 61 , 62 j ci , C2 , mi , m2 , ni , 71-2 : 

ni{b2c\ni^n\ + 2f3cimini2n\n2 + 6iCiC2m,2nin|) 
biCiC2rn\n\n2 — b2c\ni2n\ + c\c2n\n2 — 2(3cimim2nfn2 + b\c2m\n2 

nin2{bim\ + cinf ) Y^ciC2(6iC2mfn2 + 2f3mim2nin2 + b2Cim\n\) 
bicic2mjnjnl - b2clmln\ + clc2n\nl - 2/3cimim2nfn2 + blc2m\nl ' 
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Using the fact that /? = bici = 62 C2, the expression under the square root can be reduced to 
/3{c2min2 + Cl?n,2?^l)^• Thus this expression for ri will only yield a perfect square when /3 = 1. 
Therefore, ri is rational if and only if qf — pf = sf for i = 1, 2, or in other words when 1 — x? is a 
perfect square for i = 1,2. This means that both cos^j and sin^j are rational for i = 1,2, 3. 

Proposition 4.2 The 3-petaled flower with the center coin of radius one can have the outer coins 
of rational radii ri,r2,r3 if and only if the internal angles Oi, 62,03 have both rational cosines and 
sines for i = 1, 2,3. 



Proposition 4.2 shows a property that is very special for the n-petal flower with rational radii when 
n = 3. We now can write a "nice" parametrization for the cosines Xi and the radii rj in the case 
when n = 3. Let ttzi, ni,7ra2, n2 G N. Then 

ml —n\ m-i — "-2 ("^1 ~ "-i) ("^2 ~ "-i) ~ 4mim2nire2 

1 2 I 2' 2 2 I 2' 3 7 2 I 2\ / 2 I 2n ' v ' 

mf + nf 771-2 + 71.2 (r77| + n|j (7772 + Tig) 

Putting these into Q and the similar equations for r2 and r-^ we obtain the rational forms for 
1^1,1^2,^3 that cointain all rational radii for the outer coins of a 3-petal flower with center coin of 
radius one: 



r2 



ni(7T7i772 + 7772771^ 



-m\n2 — 77^772 ± (7771771772 + 777277^; 
771712 

-771772 ± (7772771 + 7771772) 

772(7771772 + 7772771) 

-7771772- 7772771772 ± (771772 +r77277l) 



We will determine which range of the parameters will yield meaningful solutions in what follows as 
well as the signs of the terms in the denominator. 

Observation 4.3 If 91,62,63 are the internal angles of a 3-petaled flower, then 90° < 6i < 180° 
for each i = 1,2,3 and these three inequalities are all sharp. 

Proof. As each 6i is an angle in a triangle formed by the mutually touching three coins, we have 
that 6i < 180°. On the other hand, keeping the radius of the center coin fixed (say, at r = 1) and 
letting Tj = Tj+i — )• 00, we see that 6i — )• 180° from below. We also see from this scenario that the 
other two angles tend to 90° from below. 

What remains to show is that 6i > 90° for each i. It suffices to show this for 7 = 1. By keeping 
the radii ri and r2 fixed and letting rs — )• 00, the radius r of the central coin will increase and 61, 
the angle between the first and second coins, will decrease. Figure [2] illustrates this situation. It 
suffices to show that 61 > 90° for this case. If we start with Figure [2] and draw a line parallel to 
the infinite circle that goes through the center of the central coin, we have 2 right triangles with 
side lengths ri — r,ri + r and, by the Pythagorean theorem, 2^rjr for each 7 = 1,2. Therefore, 
the length of the segment forming the bottom of the rhombus, formed by the center of the two 
outer circles and their touching points to the infinite circle, is 2 [y/rir + ^/r2r). We can now draw 
a segment parallel to this segment and passing through the center of the coin with the smaller 
radius. Without loss of generality we may assume ri < r2. Now we have a right triangle with 
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Figure 2: A 3-petaled flower where the radius of one petal is increased to infinity. 

side lengths 2 [^/rir + ^/r2r^ ,^2 — ri and ri + r2 and hence by the Pythagorean theorem we have 
4 [y/rir + yjf^x) + (^2 — ^'i)^ = (^1 + ^2)^, which can be solved for r, obtaining 

r\r2 



(v^+v^; 



2- 



With this expression for r, it suffices to show that {r\ + r2)^ > (r + r\)^ + (r + r2)^, which implies 
dx > 90°: 






/n + ^/r2) 



'"i + ^^2 + ( 14r^r2 + 8rf r2 + 12r^' rg + 12r-^' r^ + Srirf ) + 4 [ r^^' y/r2 + ^/rir^ 



n + v^) 



> 



4 , 4,0/22, 3 , 5/23/2, 3/25/2, 'A , ^ / 7/2 ^ — 

rj + Tg + o I r Jrg + r Jr2 + r-^ Tg + r-^ rg +rir2l+4(r-^ y ^^2 ■ 



(\/n + V^) 



7/2 

rir2 



(r + r{f + (r + r2)^. 



D 



By Observation 4.3 we now know that for all the angles 9i, we have 90° < 6i < 180°, and hence 
—1 < cos^i < 0. So in the parameterization of xi and X2 



2 2 2 2 

m| — n| rrig — n2 

■^1 ~ ,2 , „2 ' '^2 — 2 I „2 ' 



m| + '^i 



m^ + ni 
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we must choose rii > rm. In this case x^ in M| must satisfy {m\ — n^) (m| — n|) —A'mim2nin2 < 0, 
which is equivalent to (min2 + 711-2^1)^ >[mim2 — nin2)^. Since rrii < Ui this is equivalent to 
min2 + m2ni > nin2 — mim2, or equivalently 

'min2 + 7712^1 + 17111712 > nin2- (8) 

Looking at the expression for ri, 

ni(min2 + m2ni) 

T"i ^ ^ 

—m\n2 — n\n2 ± {minin2 + m2n1) ' 

we see that in order for ri > to hold we must have ni{min2 + rn2ni) > 712 (mf + nf). Re-solving 
for the radii r2 and rs using the positive term in the expression for ri, we obtain: 

_ nin2 _ n2{min2 + m2ni) 

^"2 — ___ __ r~T~~ __ __ ' ^"i ~ i2~TTr2Z ,^ ^2 



m,2rei + ?7Zin2 — nin2 niTig + ?tt.27^i — wiing — m2nin2 

which give us two additional constraints in order to assure positive radii: m2ni -\-m1n2 > nin2 and 
ni(7n| + n|) > n2{min2 + m2ni). Note that the first of these constraints is stronger than ([8|, and 
so will replace it in the following summarizing theorem: 

Theorem 4.4 Let mi,ni,m2,n2 G N that satisfy ni > mi, n2 > ra2, min2 + m,2ni > nin2, 
ni{min2 + m2ni) > n2(mf + nf), and ni{m2 + n^) > n2{min2 + m2ni). Then all rational cosines 
Xi of a 3-petal flower are parametrized by: 

ml — n\ rn^ — n^ {mf — nf) (m^ — n^) — 4mim2rairz2 

■^1 2 I 2' ■'^2 2 < 2' ■'^S / 2 i 2\ / 2 I 2^ ' 

mf + nf mg + 71-2 {mf + nf){m,2+n2) 

Assuming the center coin has radius one, then all the rational radii r^ of the outer coins are 
paramtetrized by: 



r2 



ni{min2 + m2ni) 



minin2 + m,2n\ — m\n2 — n\n2 



nin2 



m2ni + 771,1712 — 77,1772 

772(mir72 + 7r72ni) 

niTlj + TTl^ni — 777,1772 — 777277l772 



This parameterization characterizes all sets of four mutually tangent Soddy circles of rational radius 
in the plane. 

Example: Consider 7771 = 1, 771 = 2, 7772 = 4, and 772 = 5. We can see that the constraints will be 
satisfied, in particular the nontrivial ones 7771772 + 7772711 = l-5 + 4-2 = 13> 10 = 2-5 = 711772, 
ni{min2 + m2ni) = 2(1 • 5 + 4 • 2) = 26 > 25 = 5(1 + 4) = 772(777^ + 77f) and 771 (777^ + 773) 

5' ^2 = —41, 



2(16 + 25) = 82 > 65 = 5(1 • 5 + 4 • 2) = 772(7771772 + 7r7277i). Then we have xi = -f , X2 - ^ 



X3 = — ^, and the corresponding radii ri = 26 ,r2 = ||, rs = 4|f • By scaling by the factor of 
gcd(ll,59) = 649 we obtain an integral flower with center radius of r = 649 and the outer radii 
n = 16874, r2 = 3186 and r^ = 3861. 
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4.2 Descartes' circle theorem and another parametrization 

A nice relation connecting the radii of four mutually tangent Soddy circles in the Euclidean plane 
is given by Descartes' circle theorem [2j. 

Theorem 4.5 (Descartes) A collection of four mutually tangent circles in the plane, where bi = 
1/rj denotes the curvatures of the circles, satisfies the relation 

bl + bl + bl + bl = ^{bi + 62 + 63 + b^f. 

Four mutually tangent circles in the plane are many times referred to as Soddy circles for Frederick 
Soddy, an English chemist who rediscovered Descartes' Circle Theorem in 1936 [2j. This theorem 
has also been generalized to higher dimensions. 



It is straightforward to check that our rational parameterization from Theorem 4.4 satisfies 
Descartes' circle theorem. Another elegant parametrization of integer Soddy circles are given by 
Graham et al. in [5j in the following theorem. 

Theorem 4.6 (Graham et al.) The following parametrization characterizes the integral curva- 
tures of a set of Soddy circles: 

bi = X, 62 = di — X, 63 = (^2 — X, 64 = —2m + di + d2 — x, 

where 'J? + vn} = did2 and < 2m < di < ^2. 

We conclude this section by briefly comparing our rational parametrization to the one given by 



Theorem 4.6 Suppose we have a 3-petal flower, the coins of which have integer radii. Further, 
assume the center coin is the first one with curvature 61. By scaling to make the center coin of 
radius one and conveniently permuting indices, the remaing outer coins have radii ri,r2,r3 given 

by 

61 5i 61 
n = 7-, r2 = —, rs = —. 

62 64 63 



By Theorem 4.4 we have that 

61 ni{min2 + m2ni) 



62 —m\n2 — nfn2 + minin2 + m2n\ 
bi _ n2{min2 + m2ni) 

63 ~ -mmi - m2nin2 + nml + m^ni 
bi _ nin2 

64 —nin2 + m2ni + min2 



Replacing each bi with the integer parametrization from Theoerm 4.6 we can solve for di/x,d2/x 
and m/x in terms of rn-i, r7T,2, ni,n2, and obtain 



m 


{nin2 - mim2) 
min2 + m2ni 


di 

X 


712 (mf + nf) 


d2 
X 


ni(m| -\-nl) 


X 


ni{min2 + m2ni) ' 


n2{min2 + m2ni) 



Hence, l + (m/x)^ = {di/x){d2/x) so the quadratic equation relating the parameters in Theorem 4.6 
is satisfied. 
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The first inequality, < 2m, will clearly holds since when we choose rrii < rii for i = 1,2. 



Using the inequality constraints from Theorem 4.4 we obtain 

di _ n2(mf + nf) nin2{min2 + m2ni) ni{ml + nl) _ ^2 

X ni{min2 + m2ni) ~ nin2{min2 + m2ni) ~ n2{min2 + m2ni) x' 

and hence third inequality di < d2 holds. 

However, the second inequality, 2m < di in Theorem 4.6, does not hold. In fact, one can show 
that the opposite inequality holds for all mi,m2,ni,n2, that satisfy the conditional inequalities 
given in Theorem |4.4[ This does not mean there is anything wrong with the parametrization in 



either Theorem 4.4 or Theorem 4.6, since different range for parameters certainly can yield same 



solution set. Insisting the opposite di < 2m in Theorem 4.6 might also yield all integer curvatures 
of Soddy circles. 

Although equivalent, there is a subtle difference between presenting the integer radii of Soddy 
circles and presenting the integer curvatures. Suppose we have integer curvatures 61,62,63 and 64 
of Soddy circles, and we would like to find the corresponding scaled configuration of Soddy circles 
with integer radii. Hence we are seeking ri,r2,r3,r4 and N such that N/ri = bi for each i. As 
lcm(6i, 62, 63, 64) divides N we have that ri = k ■ lcm(6i, 62, 63, 64)/6j for each i, where k is some 
positive integer. The other conversion, from integer radii to integer curvatures is similar. 

In conclusion, we see that Graham et al.'s characterization of integer curvatures of Soddy 



circles in Theorem 4.6 is implied by our rational parametrization of the radii of 3-petal flowers 



in Theorem 4.4 In addition, the parametrization given by Graham et al in Theorem 4.6 relies 
on solving the Diophantine equation x^ + m? = did2 for each chosen x, di, and ^2, while the 



parametrization developed here and given in Theorem 4.4 does not rely on satisfying any such 
equation, only inequalities. 
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A Generalizations of the Pythagorean Triples 

In the following, a primitive solution is a solution where x, y, and z are pairwise relatively prime. 



To prove Theorem 4.1, we need the following: 



Claim A.l If r,s,t are positive integers such that r and s are relatively prime and rs = t^ then 
there are relatively prime integers m and n such that r = m? and s = n^ . 



Proof. [Theorem 4.1 Note that gcd(6, c) = 1. This proof follows and extends the exposition in [9]. 
Assume x, y, z form a primitive solution. In this case, x and y cannot both be even. 
Case 1: x,y are both odd. Then x^ = 1 (mod 4) and y^ = 1 (mod 4), giving z^ = 1 + /3 (mod 4). 
Since z^ = 0, 1 (mod 4), then /3 = or /3 = 3 (mod 4) must hold. However, (3 = (mod 4) 
implies that 4 divides /3, contradicting the assumption that (3 is square-free. So the only case to 
consider here is the case where z is even and (3 = 3 (mod 4). 

/3y2 ^ z"^ _x^ = ^z + x){z-x). (9) 

Letting gcd(2: + x,z — x) = d we get that d divides both z + x + z — x = 2z and 
z -\- X — {z — x) = 2x. Since x and z are relatively prime, d = 1 or 2. Since both z + x and z — x 
are odd, then d = 1 must hold. Since now gcd(2: + x, z — x) = 1 we have from ([9| that for some 
factorization (3 = bc then r = z + x \s divisible by b and s = z — x \s divisible by c. Since 
gcd (5, ^) = 1, we have by Claim A.l that m? = j and n^ = ^, and hence y = mn. 



^ _ r—s _ bm^—CTi^ j _ r+s bm 



2 — 2 ' "^^^ ^ ~ 2 ~ 2 

Case 2: x is even and y is odd. Then x^ = (mod 4) and y^ = 1 (mod 4), giving z'^ = (3 
(mod 4). Therefore (3 = or (3 = 1 (mod 4). However, (3 = (mod 4) implies that 4 divides (3, 
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again contradicting the assumption that /3 is square-free. So the only case to consider here is the 

case where z is odd and /3 = 1 (mod 4), which proceeds exactly as in case 1. 

Case 3: x is odd and y is even. Then x^ = 1 (mod 4) and y^ = (mod 4), giving z^ = 1 (mod 4), 

and so z is odd. 

Unlike cases 1 and 2, z + a; and z — x are both even. Letting gcd (^-j^, ^^) = d we get that d 

divides ^^^"^^''^ = z and }^ ^' = x. Since x and z are relatively prime, d = 1. Now we have 

2|- = rs where r = ^^ and s = ^^. Hence b divides r and c divides s for some appropriate 



factorization /? = 6c. Since gcd (j, ^) = 1, so we have by Claim A.l that m? = "^ and in? = ^ and 

hence y = 2mn, x = r — s = bm? — en?', and z = r + s = bw?' + crir. 

For the other direction, first we show that x, y, z as given in cases 1 and 2 do form a solution: 

x' + ^y' = ( ^"'^'"' )%/3(mn)^ 

(6m^)^ — 26m^cn^ + (cn^)^ ^, ,9 
= ^ ^ '— + j3{mnY 

_ {bm^Y + '^Pm'^n^ + (cn^)^ 
4 

1. 2 , 2\ 2 

om + en 



Also for case 3 we get: 



2 I 2 fU 2 2\2 , o/r, \2 



x^ + /3y2 = {bm^ - cv?) + /3(2r 

= {brr?f - 2brr?cn^ + (cn^)^ + /3{2mnf 

= {bra^f + 2l3m^r? + {cn^f 

= (bm + en ^ . 

To show that the triple is primitive for cases 1 and 2, assume on the contrary that 

gcd(x, y, z) = d > 1. Then there is a prime p that divides d. This p divides x and z and also their 

sum and difference: x + z= f»2l!^ + bm^+cn^ ^ ^^2 and a; - z = ^JH^^ - bm^+cn^ = cn^. This 

contradicts the assumption that bm?' and en? are relatively prime. 

For case 3, again assume on the contrary that (x, y,z) = d > 1. Then there is an odd prime p that 

divides d. p ^ 2 because x and z are both odd. This p divides x and z and also their sum and 

difference: x + z = 2b'm? and x — z = 2cn? . Again, this contradicts the assumption that bvf? and 

en? are relatively prime. D 
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B The polynomial P5 



P5 = 

= X 



+ 
+ 



P4{xi,X2, X3, EC2(a;4, ^5)) • P^ixi, X2, X3, EC2(x4, X5)) 

X5 — 8x1X2X3X4X5 — 8x3X4X5 + 4x2X5 — 4x5 + 4x3X5 + 16x1X2X3X5 

q226 q226 q226 q226,/(26 q226 
0X2X3X5 0X1X4X5 0X1 X0X5 0X1 X2X5 ~r t:X4X5 0X2X4X5 

ic 2226, ii3 2226i/i26ii/; 2226, ^n 3 5 

IDX1X3X4X5 + IDX2X3X4X5 + 4X1X5 + IDX1X2X4X5 + 4UX1X2X3X4X5 

40X1X2X3X4X5 — 32X1X2X3X4X5 + 40X1X2X3X4X5 — 32X1X2X3X4X5 

32x1X2X3X4X5 — 32x1X2X3X4X5 — 24x1X2X3X4X5 — 32X1X2X3X4X5 

— 32x1X2X3X4X5 + 40x1X2X3X4X5 + 64X1X2X3X4X5 — 16X1X4X5 

~r Z0X2X4X5 IDX3X4X5 Z^XiXoXoXr. ~r ^0X1X4X5 IZX3X5 

I 00 224 -|/i244 -|f;244,f;/i 22424 9/|2224 
~r ^0X0X0X5 XDX0X0X5 XDXoX^X5 ~p 04^X1X9X0X^X5 ^4X2X0X1X5 

+ 16x^X4X5 — 12x4x1 — 24x^x|x|x| + 6x5 + 6x2X5 — 16x^X3X5 

— 16x^X^X5 + 6X4X1 + 64x2X2x|x|x5 + 16x^x|x| + 16X2X3X5 

10X1X2X5 ^^XiXoX^Xr. ~r 10X1X2X5 ~r 10X3X4X5 ~r DX3X5 i^XoXk 

114 2 2 2 2 4 , (./( 2 2 2 4 4 , qq 2 2 4 1 /^ 4 2 4 
14:4^X1X2X3X4X5 ~r 044X1X2X3X4X5 ~r Z0X1X3X5 10X2X4X5 

1^424 i/;424,r)Q224,r>Q224 -ir)24 i(;424 
10X2X3X5 10X3X4X5 ~r Z0X3X4X5 ~r ^oX^XoXr: IZX1X5 10X1X3X5 



xua/2^3'^5 XU.//3X4X5 ~r ^o<//3a/4X5 ~r ^oUj^JUn^f^^ 1^X1X5 ~ 

+ 6X1X5 — 16X1X2X5 + 16X2X4X5 + 112X1X2X3X4X5 + 112X1X2X3X4X5 

40X1X2X3X4X5 — 32X1X2X3X4X5 — 32X1X2X3X4X5 + 112Xi3 
^, T^ToT-.^? J- /LOtS^^^^t.-t.? J- zLn^, -7.„'T.„'r5^3 _ o9„3 ™ 



+ 



+ 



32xiX2x|x|x| + 16x1X^X4X5 + 28x^X4X5 + 28xix|x5 



y,2 6 2 1 9t,4 2 1 fi^4 4 2 I 1 (^ 2 2 6 2 9A'r2-y2 4 2 80-6 2 2 
2 4 'S 1^X4X5 XUX1X4X5 ~r XUX1X3X4X5 ^^x -\X ^^x ojj r: 0X1X3X5 

^222 r,. 2242 i^442 n622,i^2222 



or) 222 9/1 2242 i/i442 Q622,4n2222 

0ZX2X3X5 ^44X2X3X4X5 10X1X2X5 0X1X4X5 ~r 4IUX2X3X4X5 

1^442 9/1 4222, 90 422 q262,(;^244 2, 

10X1X3X5 ^44X1X2X4X5 ~r Z0X3X4X5 0X1X2X5 ~r \)^X -tX oX qX aC 



.2 



09 2 2 2 -1 /; 4 4 2 19 4 2 , 90 2 4 2 -ii/f 2 2 4 2 2 

0ZX1X4X5 10X3X4X5 IZXoXr: -\- Z0X2X3X5 14144X1X2X3X4X5 

, 1(^2622, 90 242, /(62,/i4 22442 9/. 422^ 
~r 10X2X3X4X5 ~r Z0X1X4X5 ~r 44X4X5 ~r 0^X1X2X3X4X5 Z44X2X3X4X5 

, 90 422 q62 2 , If. 6 2 2 2 , 1 /; 2 2 6 2 , 1 /; 2 2 6 2 
~r ZoXoXoXrr. 0X1X2X5 ~r IDX1X2X3X5 ~r IOX1X2X4X5 ~r IOX2X3X4X5 

, 1922 9/1 4222, -if.2622 91 2422 q262 
~r IZX4X5 Z44X1X2X3X5 ~r 10X1X3X4X5 Z44X1X2X3X5 0X2X3X5 

, f.1 42242, loo 22222 1942 9/(2422,i922 
~r 044X1X2X3X4X5 ~r 1^^X1X2X3X4X5 IZX2X5 ZjHlX yX oX aX :^ ~\~ IZX2X5 

Q262_i_4n2222 9/1 2242 09 222, fj/i 42422 
0X1 X3X5 ~p 44UXi X3X4X5 Z44Xi X<2X AXr^ oZXi XnXc ~p D44Xi X2X3X4X5 

+ 2Sxlx\xl - Sxlxlxl - 4x1 + "^^1^5 + 12xfx| + 28xf x^x^ - 16x|x; 

+ 1 f-v /y" *^ /y*^ /Y* /y* 5^ /ya^ o^ ^y*^ I I 1-* /ya^ /y"^ ^y*^ /ya"' I f^/l /y* /y" -^ /y>^ /y"^ nn^ 

Ji^X^XoXaXv: ~r I^XqXc; H" 10X1X9^32^5 ~r IuXoXqX^Xk ~r iDXiXoXQXrr 
I ^n2222 q262 o^2422 -i^442|Qq242 

~r ^tUXiXoX^Xc OXqX^Xe; Z4iXi XqX^Xc; luXoX^Xc; -p ^^OXiXoXe; 



5 
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- ±^ U L Z. 01 U -^ O '5 + 28X^X2X5 32X3^^ ^ 

32x;^X3X5 + 4x2X5 — 24x5^X3X4X5 — 24x1X2X3X4X5 — 112x^x2X3X4X5 

— 112x^X2X3X4X5 + 40xfx2x|x4X5 — 112xiX2x|x4X5 — 32xiX2X3x|x5 

— 32X^X2X3X4X5 — 8X1X2X3X4X5 + 40X1X2X3X4X5 — 24X1X2X3X4X5 

— 112X1X2X3X4X5 + 40X1X2X3X4X5 + 40X1X2X3X4X5 — 32X1X2X3X4X5 

— 32X1X2X3X4X5 + 40X1X2X3X4X5 — 8X1X2X3X4X5 — 8X1X2X3X4X5 + 112X1X2X3X4X5 

+ 40X1X2X3X4X5 — 112X1X2X3X4X5 + 40X1X2X3X4X5 + 72X1X2X3X4X5 

— 32x1X2X3X4X5 + 72x1X2X3X4X5 + 40X1X2X3X4X5 + 40X1X2X3X4X5 

— 32X1X2X3X4X5 — 24x1X2X3X4X5 — 32X1X2X3X4X5 — 32X1X2X3X4X5 

froQ QQQ C^Q 

— 32x1X2X3X4X5 + 112X1X2X3X4X5 + 40x1X2X3X4X5 — 40x1X2X3X4X5 

Qpr f^QQ QQ C^ 

+ 40X1X2X3X4X5 — 32X^X2X3X4X5 — 112X1X2X3X4X5 — 24X^X2X3X4X5 

— 32x^X2X3X4X5 + 72X1X2X3X4X5 — 8x^X2X3X4X5 + 112xfx2X3X4X5 

+ 112x^x2X3X4X5 — 32xf X2X3XIX5 + 40x1X2X3X4X5 + 72x^x2X3X4X5 

I oq422j_-|/?2622 9/|2224_i_9o224 q226 
~\~ Z0X1 X0X4 ~\~ 10X1X9X0X4 ^4^X1X9X0X4 ~i~ ^0X1X9X4 0X1X0X4 

-1/- 244, r)Q 242, r)Q 422 qq222 q226_i_^ 26 
10X1X2X4 ~r ^oX^XoXa \ ^oXt^XoXa 0ZX1X2X4 0X1 X2X4 ~r ^XoXa 

rfA 2242 io24,-i^444,-i/^2262,/| 26 00 222 
^4X1X2X0X4 IZX3X4 ~r 10X2X3X4 ~r 10X1 X2X0X4 ~r ^XoXa 0^X1X0X4 

~r 4X2X3 ^4X1X2X3X4 iziXoXa ] ^0X1 X0X4 ~r OX1X4 10X1X0X4 "*" ^0X1X2X4 

I 1o22,^44,-|/-444 q226 -|r)24 qo222 q262 
~r 1^X1X0 ~r 0X0X4 "*" 10X1X2X4 oXoXoXa iZXoXa 0ZX2X0X4 oXoXoXa 

I 1o22,^62 1^424 ifi442,^n2222,/^4 q622 
~r i-ZiXoXA ~\~ '^XnXo 10X1 X2X0 10X2X3X4 ~r '^v/X-iXoXoXa ~r OXo oXoXoXa 

^X<2 IOX1X3X4 ~r X3 iJiX-\Xa IDX2X0X4 ~r 0X1X3 IDX1X2X4 ±ZX-\X<2 

~\~ 10X1X3X4 4X4 0X1 X3X4 ~r X4 0X1 X2X0 10X1X3X4 ~r ^0X1X2X3 

+ 4x3X4 + 16xf x|x3 + 16xiX2x|x4 + 12x2X3 + 4x1X3 + 4xf X4 + 4x2x| 

o 2 2 6 _|_ 1 (2 2 2 2 6 /i 6 06 2 2 -1924 -1 /^ 4 4 2 1924 

OO/i O/oa^o ~|~ XUa/i a/2<*-'Q<^4 ^•^ A Oo/iXo-^Q X^o^iO/o -LUa^ i O/oU/o X^X "1 -^Q 

LZiXoXq 10X9X0X4 n" 1^X1 X4 ~r Xi ~r 4tXi X4 Zi'-±X-i XnXoXA 0X1 X9X4 

+ 6x| + 12x|x^ + 28x^x|x^ + 6xf x| + 6xf + 28x^x^x1 + 28x|x|x^ + 6x^x| 

oJiX-\XnXo ~r 4X1X2 4X3 4Xi 4X1 0X1X3X4 ~r X2 lOXi X2X4 lOXi X2X3 
~r 4X1X2 "*" 0X2X4 4X3 0X1 X2X4 IZX3X4 -p LJiX^Xn -^■^•^2*^3 "*" ^0X1 X3X4 

— 12x^x1 + 28x?x^xi + 1 - 4x^ - 12xtx^ + 6x| + 4x?xi. 
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